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The eﬀects of void size and hardening in a hexagonal close-packed single crystal containing a cylindrical void loaded by
a far-ﬁeld equibiaxial tensile stress under plane strain conditions are studied. The crystal has three in-plane slip systems
oriented at the angle 60 with respect to one another. Finite element simulations are performed using a strain gradient crys-
tal plasticity formulation with an intrinsic length scale parameter in a non-local strain gradient constitutive framework.
For a vanishing length scale parameter the non-local formulation reduces to a local crystal plasticity formulation. The
stress and deformation ﬁelds obtained with a local non-hardening constitutive formulation are compared to those obtained
from a local hardening formulation and to those from a non-local formulation. Compared to the case of the non-hardening
local constitutive formulation, it is shown that a local theory with hardening has only minor eﬀects on the deformation
ﬁeld around the void, whereas a signiﬁcant diﬀerence is obtained with the non-local constitutive relation. Finally, it is
shown that the applied stress state required to activate plastic deformation at the void is up to three times higher for smal-
ler void sizes than for larger void sizes in the non-local material.
 2007 Elsevier Ltd. All rights reserved.
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It is well accepted that crack growth in many ductile materials occurs by the mechanisms of void nucle-
ation, growth and coalescence. Voids typically nucleate from second phase particles which exist within the
material. The sizes of the voids are often of the order of one micrometer. Elastic–plastic continuum analyses
to model the subsequent growth of the voids have traditionally employed isotropic material properties (see,
e.g., Koplik and Needleman (1988) and Tvergaard (1990)). However, since the size of the voids is often smaller0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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properties.
There are two regimes in which plasticity around a void in an anisotropic single crystal have been studied
analytically. The ﬁrst is for voids that are suﬃciently small so that the continuum plasticity approximation is
not valid. Several authors (e.g., Stevens et al., 1972; Lubarda et al., 2004; Ahn et al., 2006) have considered the
interaction between voids and individual dislocation loops for cylindrical voids as well as spherical voids. The
focus of these studies was to calculate the applied stress state at which discrete dislocation loops are nucleated
from the void, which leads to void growth.
The other regime is for void sizes for which the continuum approximation is valid. Recent studies (Kysar
et al., 2005; Gan and Kysar, 2007) have used continuum anisotropic slip line theory to derive the stress and
deformation ﬁelds associated with a cylindrical void in a single face centered cubic crystal as well as a hexag-
onal close packed crystal, along with related experimental and numerical studies by Gan et al. (2006). The
constitutive properties considered for the analytical studies are rigid, ideally plastic. The studies have shown
that there are angular regions around such voids within which slip on single slip systems occurs. The stress
states were also derived and it was shown that the average pressure necessary to activate plastic deformation
around a void in a face centered cubic crystal can be up to 50% higher than that for an isotropic material,
although for a hexagonal close packed material the average pressure necessary to activate plastic deformation
around the void is approximately the same as for isotropic plastic materials. These analyses are applicable for
voids which are signiﬁcantly larger than the voids treated by discrete dislocation plasticity.
The emphasis of the present study is to extend the anisotropic slip line studies, which assume ideal plas-
ticity, to material constitutive models which account for hardening of plastic slip systems and void size
eﬀects. Two diﬀerent material models will be considered. The ﬁrst includes strain hardening which is typ-
ically associated with the creation and accumulation of so-called statistically stored dislocations. This type
of strain hardening is implemented in a local constitutive formulation which has no intrinsic length scale.
The other material model includes strain gradient eﬀects which are typically associated with the segrega-
tion of so-called geometrically necessary dislocations. This type of material model is implemented in a
non-local constitutive formulation – or strain gradient plasticity formulation – which has an intrinsic
length scale. Simulations are performed with both types of material models and the resulting stress and
deformation ﬁelds are compared to each other as well as to the analytical solution for plastic deformation
around voids.
The formulation of the continuum single crystal plasticity theory with no intrinsic length scale is similar to
that employed by Peirce et al. (1983). The strain gradient formulation employed in this study is as presented by
Borg (in press). The basic formulation is equivalent to that of Gurtin (2002) and the constitutive equations are
based on the theory by Fleck and Hutchinson (2001). A representative material length scale of about 5 lm has
been estimated by Fleck et al. (1994) from ﬁtting experimental data on a copper wire torsion test to strain gra-
dient plasticity theory results. Also, Fredriksson and Gudmundson (2005) have compared results by a strain
gradient plasticity theory with experimental results, which have given estimates of the material length scale
ranging from 0.45 to 2.7 lm. These estimates are performed with strain gradient formulations diﬀerent from
the one used in the present study, however the present length scale is also expected to be on that order. Fur-
thermore, recent work which compares simulations which utilize strain gradient crystal plasticity theory
employed in the present study to discrete dislocation plasticity simulations suggests the material length scale
to be approximately 0.33 lm (Hussein et al., in press).
For the local case there is no length scale so the size of the void does not enter into consideration. However,
for the non-local case the size of the void must be speciﬁed. The two void sizes to be considered have radii
r0/l = 10 and r0/l = 1, where r0 and l are the initial radius and the length scale of the constitutive relationship,
respectively.
The eﬀect of hardening behaviors within the framework of a non-local constitutive model and also the
framework of a local constitutive model are investigated separately. It will be shown that the addition of hard-
ening to the local model mainly reduces the amount of slip which occurs near a void; the extent and bound-
aries of the single slip angular sectors are not aﬀected. The non-local formulation, on the other hand,
introduces a signiﬁcant change in the extent and boundaries of the single slip sectors. In fact, the sector
structure changes signiﬁcantly so that regions of double slip develop. It is also shown that the critical stress
6384 U. Borg, J.W. Kysar / International Journal of Solids and Structures 44 (2007) 6382–6397to activate plastic deformation around the void is up to three times higher for the smaller void size than for the
larger void size, at least for the non-local constitutive formulation chosen for this study.
This paper is organized as follows. Section 2 discusses the material model used in this study. This will be
followed by a discussion of the numerical implementation of the material model in Section 3. The results of the
simulations are presented in Section 4. Concluding discussions are in Section 5.2. Material model
The material model used for this study is a strain gradient crystal plasticity theory for ﬁnite strains pro-
posed by Borg (in press). The theory is based on the constitutive framework of the isotropic strain gradient
plasticity theory by Fleck and Hutchinson (2001) including ideas from the ﬁnite strain version by Niordson
and Redanz (2004), and with the basic formulation equivalent to the formulation of Gurtin (2002). In the
absence of strain gradients the model reduces to conventional crystal plasticity theory by, e.g., Peirce et al.
(1983). For simplicity, the following summary of the model is only valid for small strains, even though a for-
mulation that allows for ﬁnite strains has been used for the analyses.
In crystal plasticity the quantitative description of plastic deformation is based on crystallographic shearing
that represents dislocation motion along speciﬁc slip systems. A slip system is described by its unit lattice vec-
tors sðaÞi and m
ðaÞ
i , where s
ðaÞ
i is the slip direction and m
ðaÞ
i is the direction normal to the slip plane. By use of the
classical Schmid orientation tensorlðaÞij ¼ 12ðsðaÞi mðaÞj þ sðaÞj mðaÞi Þ ð1Þthe overall macroscopic plastic strain rate components can be expressed by the slip c(a) along slip system (a) as_pij ¼
X
a
_cðaÞlðaÞij ð2ÞTo account for the eﬀect of increased material hardening due to the presence of geometrically necessary dis-
locations caused by plastic strain gradients, the plastic dissipation rate does not only depend on slip rates but
also on slip rate gradients. Following Fleck et al. (1994), the slip gradient in the slip direction is related to
geometrically necessary edge dislocations, and a slip gradient in the transverse direction is related to geomet-
rically necessary screw dislocations. Based on this, an eﬀective slip measure, cðaÞe , depending on the slip and the
slip gradients is introduced as_cðaÞ
2
e ¼ _cðaÞ
2 þ lS _cðaÞ;i sðaÞi
 2
þ lT _cðaÞ;i tðaÞi
 2
ð3Þwhere tðaÞi is a unit vector in the transverse direction (with t
(a) = s(a) · m(a)) and lS and lT are material length
scales introduced for dimensional consistency. Here, (),i = o/oxi is the spatial derivative. The principle of vir-
tual power takes the formZ
V
rijd_ij þ
X
a
QðaÞ  sðaÞ d _cðaÞ þX
a
nðaÞS s
ðaÞ
i þ nðaÞT tðaÞi
 
d _cðaÞ;i
 !
dV ¼
Z
S
T id _ui þ
X
a
rðaÞd_cðaÞ
 
dS ð4Þwhere Q(a) is a stress ﬁeld work conjugate to the slip rate, and the higher order stresses nðaÞS and n
ðaÞ
T are work
conjugate to the slip rate gradients along the slip direction and the transverse direction, respectively. Ti is the
stress traction and r(a) denotes the higher order traction working on the boundary S. The Cauchy stress is de-
noted rij and sðaÞ ¼ rijlðaÞij is the Schmid stress. The virtual power relation (4) is a special case of the virtual
power relation in Gurtin (2002).
By use of an eﬀective stress, denoted sðaÞe , which is work-conjugate to the eﬀective slip rate measure, _c
ðaÞ
e ,
constitutive equations are obtained for the eﬀective stress Q(a) and the higher order stresses nðaÞS and n
ðaÞ
T as
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_cðaÞe
ð5Þ
nðaÞS ¼ sðaÞe
_cðaÞ;i s
ðaÞ
i
_cðaÞe
l2S; n
ðaÞ
T ¼ sðaÞe
_cðaÞ;i t
ðaÞ
i
_cðaÞe
l2T ð6ÞThen, the introduced stress sðaÞe can be expressed in the following quadratic formsðaÞ
2
e ¼ QðaÞ
2 þ l2S nðaÞ
2
S þ l2T nðaÞ
2
T ð7ÞThe viscous material behavior is modeled by use of a power-law creep model formulated as_cðaÞe ¼ _c0
sðaÞe
gðaÞ
 1=m
ð8Þwhere _c0 is a reference slip rate and m is a strain rate hardening index. The slip resistances g
(a) characterize the
current strain hardened state of the crystal, and harden from an initial value s0 according to_gðaÞ ¼
X
b
hab _cðbÞe ; hab ¼ hdab þ ph 1 dab
  ð9ÞHere, p is the latent hardening index, dab denotes the Kronecker delta function, and h is the self-hardening
modulus given empirically byhðcaÞ ¼ h0 cosh
h0ca
ss  s0
 
; ca ¼
X
a
Z
_cðaÞe dt ð10Þwhere the constant h0 represents an initial hardening rate, ss is a saturation stress, and ca is the accumulated
eﬀective slip.3. Numerical method
The numerical solutions are obtained using the ﬁnite element method. The slip rate increments are taken as
nodal degrees of freedom on an equal footing with the displacement increments. These primary unknowns are
interpolated within each element between nodal increments asDui ¼
X2k
N¼1
NNi DD
N ; D _cðaÞ ¼
Xl
N¼1
MND _cðaÞN ð11Þwhere NNi and M
N are shape functions and k and l are the number of nodes used for the interpolations. For
this plane strain study, the elements used for the displacements are 8-node quadrilaterals with quadratic shape
functions, and the elements used for interpolation of the slip rate increments are 4-node quadrilaterals with
linear shape functions, i.e., k = 8 and l = 4. The integrations are carried out using 2 · 2 point Gaussian inte-
gration for both element types. To ensure the integration points for the two element types to coincide, the
same Jacobian is used for both element types.
The specimen considered in this study is shown in Fig. 1. It is a square (a0 = b0) single hexagonal close
packed crystal containing a cylindrical void in the center with a diameter of one tenth of the side length
(r0 = 0.1a0). The axis of the cylindrical void is chosen to be parallel to the basal plane normal [0001] as in
Gan and Kysar (2007). The three active slip systems, each oriented at the angle 60 with respect to the others,
are also shown in Fig. 1.
For a local material it is possible to consider only a quarter of the crystal due to symmetry, whereas for the
nonlocal material the higher order boundary conditions make such an approach diﬃcult. In this study the full
crystal is considered for all analyses. The boundary conditions applied to the single crystal are given by
Fig. 1. Cylindrical void in an HCP single crystal showing coordinate systems, dimensions, slip systems and crystallographic orientation.
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_u1 ¼ _U 1; _T 2 ¼ 0 at x1 ¼ a0
_u2 ¼ 0; _T 1 ¼ 0 at x2 ¼ b0
_u2 ¼ _U 2; _T 1 ¼ 0 at x2 ¼ b0
ð12Þwhere _T i are surface traction rates and _Ui are the prescribed end displacement rates. Furthermore, the higher
order boundary conditions are applied as vanishing higher order tractions, r(a) = 0, on the four external edges
and on the void surface. Another possibility for the higher order boundary conditions is to let the slips vanish,
i.e., letting the boundaries be impenetrable to dislocations. That would be appropriate at a stiﬀ inclusion but
not for a void. The mesh used for the presented results consists of 16,224 elements and is ﬁnest at the void
surface with 312 elements around the void.
For the plane strain problem considered, with in-plane slip systems, there are no slip gradients in the trans-
verse direction, and therefore the length scale parameter, lT, has no inﬂuence on the results. The other length
scale parameter, lS, is denoted l in the following.4. Results
The material parameters used in the calculations are Young’s modulus, E = 63.9 GPa, Poisson’s ratio,
m = 0.36, initial slip resistance, s0 = 1 MPa, reference slip rate, _c0 ¼ 0:001 s1, and strain rate hardening index,
m = 0.03. Results using the local constitutive formulation are presented both with and without strain harden-
ing. For the results with hardening the following hardening parameters are used: self-hardening modulus,
h0 = E/100, saturation stress, ss = 1.8s0, and latent hardening index, p = 1.0. All the presented results using
the non-local formulation are without strain hardening, i.e., h0 = 0. The prescribed end displacement rates
are given by _U 1=ð2a0Þ ¼ _U 2=ð2a0Þ ¼ 0:0001 s1. The results presented in this section are taken at the deforma-
tion state given by U1/(2a0) = U2/(2a0) = 3.5 · 105.
Contours of slip in the three slip systems and the total slip, ctot = c
(1) + c(2) + c(3), are shown in Fig. 2 for a
non-hardening local material, i.e., using the internal material length scale l = 0 and the hardening modulusFig. 2. Contours of slip in the three slip systems using a local formulation without hardening (l = 0, h0 = 0).
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region 0 6 h 6 30, slip system two is mostly active in the region 30 6 h 6 60, and slip system three is mostly
active in the region 60 6 h 6 90 of the upper right quadrant. The location of angular sectors with only one
eﬀective slip system is as predicted by anisotropic slip line theory in Gan and Kysar (2007), where they are
denoted as slip sectors.
The slip contours using a local formulation with hardening are shown in Fig. 3. The slip sectors are very
similar to the results for the non-hardening material, except that the magnitudes of the accumulated slips are
less than for the non-hardening case.
Fig. 4 shows the slip in the three slip systems and the total slip, ctot = c
(1) + c(2) + c(3), plotted along the path
r/r0 = 1.0 for a non-hardening local material. It can be seen that the boundaries between two active slip sectors
around h = 0, 30, 60 etc. are very thin. Within each slip sector the level of slip is almost constant along the
void surface. The analogous plot is shown in Fig. 5 for a hardening local material. Here, the slip sector bound-
aries are also very thin as for the non-hardening local material.
Stress contours expressed in polar coordinates (rrr, rhh and rrh) are shown in Fig. 6 for the non-hardening
local material. The left column shows contours over the entire specimen, and the right column shows contours
in the vicinity of the void. The results are very similar to those obtained by Gan and Kysar (2007) using aniso-
tropic slip line theory for a rigid-ideally plastic crystal. However, here we have edge eﬀects and purely elastic
deformations far from the void, so the results are only directly comparable near the void. The radial stress, rrr,
has a 12-point ‘star’ structure, whereas the circumferential stress, rhh, has a more smooth variation. The mag-
nitude of the polar shear stress, rrh, is much smaller than the two other stress components and displays an
interesting pattern with alternating positive and negative values. In addition, the anisotropic slip line theory
solution predicts values of rrh that are periodic with angle on logarithmic spirals which emanate from the void
surface.Fig. 3. Contours of slip in the three slip systems using a local formulation with hardening (l = 0, h0 = E/100).
Fig. 4. Slip along the path r/r0 = 1.0 using a local formulation without hardening.
  
Fig. 5. Slip along the path r/r0 = 1.0 using a local formulation with hardening.
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non-hardening local material; they are periodic with a period of 180. The shear stress is constant,
jr12/s0j  1.08, within the slip sectors where slip system two is active. The slip line solution (Gan and Kysar,
2007) predicts jr12/s0j = 1.0 in these slip sectors. This diﬀerence is mainly due to the viscoplastic eﬀects in the
present formulation which are not accounted for in the analytical slip line solution. In Fig. 8 the stress
components expressed in polar coordinates are plotted along the path r/r0 = 1.0. As expected, the radial stress
component, rrr, and the polar shear stress component, rrh, vanish at the void surface. The average circumfer-
ential stress, rhh, on the surface of the void predicted from simulation is close to 2.3s0, while the slip line
solution predicts an average normalized circumferential stress of 6 ln(3)/p  2.098. The value of rhh is periodic
with a period of 30 which is also evident from the contour plots of rhh in Fig. 6. At the radius r=r0 ¼
ﬃﬃﬃ
3
p
the
slip line solution predicts rrr=s ¼ 2=
ﬃﬃﬃ
3
p  1:155 and rrh = 0. Also, the circumferential stress, rhh, is expected to
vary in the same way as on the void surface. The stresses in polar coordinates from the simulation along the
path r=r0 ¼
ﬃﬃﬃ
3
p
are plotted for the non-hardening local material in Fig. 9. The radial shear stress vanishes at
all angles for that radius as predicted and the radial stress has the average value rrr/s0  1.17.
The slip contours shown in Fig. 10 for a non-local material with void size relative to the material length
scale r0/l = 10 are somewhat diﬀerent than the results for the local material shown in Fig. 2. The magnitudes
of the slips are approximately the same which indicates only a very small gradient contribution to the eﬀective
slip. The main diﬀerence though is that the slip contours are no longer symmetric about the radial center line
in each slip sector. This result is not unexpected. Classical continuum single crystal plasticity theory for inﬁn-
itesimal deformation gradients is invariant to an interchange of the unit lattice vectors sðaÞi and m
ðaÞ
i . This can
be seen in the deﬁnition of the Schmid tensor (1) and its subsequent use in the development of the inﬁnitesimal
theory in which lattice rotations are negligible. As a consequence of this invariance and the symmetry of the
slip systems, the slip distribution about the radial center line of each slip sector is symmetric in spite of the fact
that only one eﬀective slip system is active in that region. (N.B. The simulations employ a ﬁnite deformation
formulation, however the accumulated slips are suﬃciently small so that the computed lattice rotation is
negligible.) Introduction of the eﬀective slip measure cðaÞe in (3) breaks this symmetry because the directions
sðaÞi and m
ðaÞ
i are treated diﬀerently. Indeed it can be seen for the non-local hardening case in Fig. 10 that
the slip gradients in the slip directions are smaller than the slip gradients in the directions normal to the slip
planes which can be explained as a consequence of the diﬀerences in contributions of slip gradients in the slip
directions and slip plane normal directions to the internal plastic work. The reduction of symmetry is also evi-
dent in that the slip contours for the non-local material are periodic with a period of 180, whereas the slip
contours in Fig. 2 for the local material have a period of 90.
The slip contours for a non-local material with a small void size – here taken to be r0/l = 1 and shown in
Fig. 11 – are very diﬀerent from the results for the local material shown in Fig. 2 and also from the non-local
material with a larger void size, r0/l = 10, in Fig. 10. All slip occurs in localized bands in the slip directions, so
Fig. 6. Contours of stresses expressed in polar coordinates for a non-hardening local material.
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slip planes. Again the symmetry is broken and it is notable that the magnitude of slip is signiﬁcantly lower
than for the other cases. The plastic slip is localized near the void surface, and as before the smallest magni-
tude of slip gradient is in the direction of slip rather than the transverse direction.
It is interesting to note that the plastic slip contours for the case of r0/l = 1 bear a resemblance to the slip
expected due to dislocation emission and motion from a cylindrical void by Lubarda et al. (2004) in an ana-
lytical study. In that work, the void is assumed to exist in an initially dislocation-free crystal so that any plastic
Fig. 7. Stress components in Cartesian coordinates along the path r/r0 = 1.0 for a local material without hardening.
Fig. 8. Stress components in polar coordinates along the path r/r0 = 1.0 for a local material without hardening.
Fig. 9. Stress components in polar coordinates along the path r=r0 ¼
ﬃﬃﬃ
3
p
for a local material without hardening.
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ent case in the present study, the strain gradients lead to very rapid hardening response which would tend to
‘‘shut down’’ the active slip systems, allowing only those slip systems which can operate under relatively low
Fig. 10. Contours of slip in the three slip systems for a non-local material with r0/l = 10.
Fig. 11. Contours of slip in the three slip systems for a non-local material with r0/l = 1.
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lytical predictions of Lubarda et al. (2004) and the results herein. In the dislocation emission analyses, the pre-
sumed active dislocation is that with a slip direction which intersects the void surface with an angle of 45,
which is not the case in the present simulations.
Fig. 12 shows slip sector boundaries (areas with double slip), deﬁned as areas where the slip magnitudes in
at least two slip systems are higher than 104. It can be seen that the slip sector boundaries are very similar for
the hardening and the non-hardening local formulation. This is to be expected since the introduction of hard-
ening in a local formulation does not break the invariance due to interchange of sðaÞi and m
ðaÞ
i of the kinematical
structure and constitutive relations for the case of inﬁnitesimal deformation gradients, which is eﬀectively the
case for the very modest magnitudes of strain encountered in these simulations. The reduced symmetry for the
case of non-local formulation manifests itself in a broadened slip sector boundary for the void size r0/l = 10. It
is presumed that the enhanced local hardening associated with the region of double slip might serve to further
modify the sector boundary structure around a void, an eﬀect which is not modelled in the present simulation.
Finally the signiﬁcant change in slip behavior associated with the small void size case r0/l = 1 is evident in
Fig. 12.
The slips around the void surface are plotted in Fig. 13 for the void size r0/l = 10. The slip magnitudes are
signiﬁcantly lower than the slip magnitudes for the local material shown in Fig. 4, and also the curves are
smoother in the non-local case. Another signiﬁcant diﬀerence is that the slip sector boundaries are much widerFig. 12. Areas with double slip for the local formulation with and without hardening and for two void sizes using the non-local
formulation.
Fig. 13. Slip along the path r/r0 = 1.0 for a non-local material with void size r0/l = 10.
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active; however, within these areas of triple slip the slip magnitude on one of the three slip systems is very
small. Fig. 14 shows the slips around the void surface for the void size r0/l = 1. It can be seen that there
are large variations in the total slip around the void surface; there are even material points which suﬀer almost
no plastic deformation.
Contours of stresses expressed in polar coordinates for the non-local material with void size r0/l = 10 are
shown in Fig. 15 and can be compared to those for the local material in Fig. 6. The reduction in symmetry
from 12-fold to sixfold rotation is evident around the void. Two points stand out. One is that the magnitude
of the stress components does not change dramatically from that of the local non-hardening case for the void
size r0/l = 10. In addition, as discussed above, the slip line solution predicts that rrh = 0 and rrr = constant on
r=r0 ¼
ﬃﬃﬃ
3
p
so that the stress ﬁeld exhibits self-similarity in the radial direction for a non-hardening local crys-
tal. The contours of rrh in Fig. 15, though, demonstrate that the radial self-symmetry is lost in addition to a
reduction of the rotational symmetry. The polar stress contours are shown in Fig. 16 for the small void sizes
(r0/l = 1). The stresses exhibit a sixfold rotational symmetry and the magnitudes are larger.
The stresses expressed in Cartesian coordinates for the larger void size (r0/l = 10) are shown in Fig. 17 along
the path given by r/r0 = 1.0. It is seen that the shear stress, r12, is not constant in the sectors where slip system
two is active as it was the case for the local material. Fig. 18 shows the stress components expressed in polar
coordinates for the non-local case with r0/l = 10 along the path given by r/r0 = 1.0. The radial stress and theFig. 14. Slip along the path r/r0 = 1.0 for a non-local material with void size r0/l = 1.
Fig. 15. Contours of stresses expressed in polar coordinates for a non-local material with void size r0/l = 10.
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90, 150, 210, 270 and 330. The stress level of the peaks is about 10s0, whereas the circumferential stress for
the local material varies between approximately 2.1s0 and 2.5s0. Thus even the larger void sizes (r0/l = 10) can
dramatically increase the necessary stress level on the void surface to eﬀect plastic deformation. It is interesting
to note that the regions of high rhh do not extend very far radially from the void surface into the surrounding
crystal, and that these regions are separated by regions which have a zero rhh which implies that the material in
these regions on the void surface are devoid of stress.
Fig. 16. Contours of stresses expressed in polar coordinates for a non-local material with void size r0/l = 1.
6394 U. Borg, J.W. Kysar / International Journal of Solids and Structures 44 (2007) 6382–6397For the case of small voids (r0/l = 1), the stresses exhibit a sixfold rotational symmetry and the magnitudes
are larger. The stresses on the void surface are shown in Fig. 19. Again the radial stress and the shear stress
vanish, whereas the circumferential stress varies between approximately 4s0 and 12s0. Thus, there are no mate-
rial points around the void surface with zero stress as there were with the void size r0/l = 10.
Fig. 20 shows the equibiaxial stress level, r, at which plastic deformation initiates as a function of the void
size. The initiation of plastic deformation is here deﬁned as the far-ﬁeld stress level where the eﬀective shear
stress, sðaÞe , exceeds the slip resistance, s0, in any part of the crystal. For a void in an elastic medium subjected
Fig. 17. Stress components in Cartesian coordinates along the path r/r0 = 1.0 for a non-local material with r0/l = 10.
Fig. 18. Stress components in polar coordinates along the path r/r0 = 1.0 for a non-local material with r0/l = 10.
Fig. 19. Stress components in polar coordinates along the path r/r0 = 1.0 for a non-local material with r0/l = 1.
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the void surface predicts a circumferential stress rhh = 2r and vanishing radial and polar shear stresses. The
resolved shear stress on a slip system is highest when the circumferential stress direction is 45 from the slip
Fig. 20. The overall equibiaxial stress level, r, that causes an eﬀective stress se > s0 as a function of the void size.
6396 U. Borg, J.W. Kysar / International Journal of Solids and Structures 44 (2007) 6382–6397direction. In that case, the resolved shear stress, s(a), equals half the circumferential stress (s(a) = r). Thus, for a
local material where sðaÞe ¼ sðaÞ purely elastic considerations predict that plastic deformation initiates at
r/s0  1. Furthermore, the slip line solution predicts the average value of rhh around the void surface at which
plastic deformation has initiated at all angles as 3 ln(3)s/p  1.049s. It is seen in Fig. 20 that this is in fact the
case for l = 0. When the void size is decreased relative to the material length scale, the stress level required to
initiate plastic deformation is increased. For a void radius, r0, equal to the internal material length scale, l, the
required stress level has increased to approximately three times the slip resistance.5. Conclusions
The goal of this study is to study the inﬂuence of hardening and void size on the stress and deformation
ﬁelds around a cylindrical void in a single crystal. Hardening within the framework of a local constitutive for-
mulation is considered which corresponds physically to an accumulation of statistically stored dislocations. In
addition, strain gradient eﬀects within the framework of a non-local constitutive formulation is considered,
which corresponds physically to a segregation of geometrically necessary dislocations. A combination of strain
hardening and strain gradient eﬀects is not considered in this study.
The results show that the introduction of hardening in the local constitutive relationship has very little eﬀect
on the slip ﬁelds around the void when compared to the case of a non-hardening local material. The overall
extent of the angular sectors of single slip is unaﬀected, but the magnitude of the slip is decreased.
When a non-local constitutive relation is used, however, the results are signiﬁcantly diﬀerent from the non-
hardening local case. For the case of void size r0/l = 10, the boundaries between the angular slip sectors
broaden so that there are regions in which multiple slip systems are activated simultaneously. The magnitudes
of the slip change very little between the two cases.
For the case of small void size (r0/l = 1), the form of the deformation ﬁeld changes dramatically. The defor-
mation localizes into regions which intersect the void surface and are parallel to the slip system. This locali-
zation is reminiscent of the type of dislocation activity associated with dislocation nucleation from a void in a
crystal which is free of dislocations or other dislocation sources as discussed in Lubarda et al. (2004).
Finally, the applied stress state to activate plastic deformation around the void associated with the non-
local material can be as high as three times that of the non-hardening local case. The study by Kysar et al.
(2005) concluded that the stress state necessary to activate plastic deformation in face centered cubic crystals
can be up to 50% higher than that of an isotropic material, however there was very little diﬀerence for hex-
agonal closed packed crystals (Gan and Kysar, 2007). This discrepancy exists because the eﬀective Schmid fac-
tors for the slip systems of a hexagonal close packed crystal are higher than the analogous Schmid factors for
the slip systems of a face centered cubic crystal. Therefore, one can conclude that the anisotropy of the mate-
rial properties as well as the non-local constitutive formulation act to increase the externally applied stress
U. Borg, J.W. Kysar / International Journal of Solids and Structures 44 (2007) 6382–6397 6397required to activate void growth in single crystals. This has potential implications in the development of the-
ories of eﬀective porous media which are used to model crack growth in ductile materials.
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